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BIG HANKEL OPERATORS ON VECTOR-VALUED FOCK SPACES IN Cd
HE´LE`NE BOMMIER-HATO AND OLIVIA CONSTANTIN
Abstract. We study big Hankel operators acting on vector-valued Fock spaces with radial
weights in Cd. We provide complete characterizations for the boundedness, compactness and
Schatten class membership of such operators.
1. Introduction
The classical Fock space (or, the Segal-Bargmann space) has a long and celebrated history
and its origins are found in quantum mechanics. In spite of the richness of the existing
literature on scalar Fock spaces, the vector-valued case has, to the best of our knowledge,
not yet been thoroughly considered. The investigation of spaces of analytic functions in the
vector-valued framework brings along new insights and it often requires the development of
entirely new techniques compared to the scalar setting (see [14]). The objective of our paper
is to study big Hankel operators with anti-analytic symbols on generalized vector-valued Fock
spaces.
Seip and Youssfi [15] studied big Hankel operators with anti-holomorphic symbols acting on
a large class of scalar Fock spaces with radial weights subject to a mild smoothness condition
(see below). Using their sharp estimates for the reproducing kernel, we investigate this class
of operators in the vector-valued setting and define adequate versions of Bloch, Besov spaces
and of mean oscillation.
Let us first present our framework. We assume Ψ : [0,∞) → [0,∞) is a C3-function such
that
Ψ′(x) > 0 , Ψ′′(x) ≥ 0 and Ψ′′′(x) ≥ 0 . (1.1)
We now define the class S of functions g : [0,∞)→ [0,∞) such that there exists a real number
η < 12 for which
g′′(x) = O
(
x−
1
2
[
g′(x)
]1+η)
, x→ +∞. (1.2)
We assume that the function
Φ(x) := xΨ′(x)
is in S, and, when d > 1, we also require that Ψ is in S. For ϕ(z) := Ψ(|z|2), z ∈ Cd,
let dµϕ(z) = e
−ϕ(z)dmd(z), where dmd(z) denotes the Lebesgue measure on C
d. Given a
separable Hilbert space H, we denote by L2ϕ(H) the space of measurable H-valued functions
that are square integrable with respect to dµϕ. We define the vector-valued Fock space F2ϕ(H)
as the subspace of L2ϕ(H) consisting of holomorphic functions, i.e.
F2ϕ(H) = {f : Cd → H holomorphic : ‖f‖2ϕ =
∫
Cd
‖f(z)‖2dµϕ(z) <∞} .
The point evaluations are bounded linear maps from F2ϕ(H) to H: more precisely, for any
f ∈ F2ϕ(H) we have
‖f(z)‖ ≤ c(z)‖f‖ϕ, z ∈ Cd, (1.3)
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where c(z) ≍ eΨ(|z|2)/2Φ′(|z|2)1/2(Ψ′(|z|2))(d−1)/2. For dimH = 1, this estimate was proved in
Lemma 8.2 in [15], and the passage to the vector-valued case is straightforward via bounded
linear functionals. It follows that F2ϕ(H) is a closed subspace of L2ϕ(H) and hence the orthog-
onal projection from L2ϕ(H) onto F2ϕ(H) is given by
(Pϕf)(z) =
∫
Cd
Kϕ(z, w) f(w) dµϕ(w) , z ∈ Cd , (1.4)
where Cd × Cd ∋ (z, w) 7→ Kϕ(z, w) denotes the reproducing kernel of the scalar Fock space
F2ϕ(C). Again, the last formula is easily deduced from the reproducing formula of the scalar
Fock space F2ϕ(C) applied to z 7→ 〈Pϕf(z), h〉, where h ∈ H is arbitrary.
We are now ready to define vectorial Hankel operators. In what follows, L(H) will stand
for the space of bounded linear operators on H and K(H) will stand for the space of compact
linear operators on H. We denote by Tϕ(L(H)) the space of holomorphic operator-valued
functions T : Cd → L(H) that satisfy
Kϕ(·, z)‖T (·)‖L(H) ∈ L2ϕ(Cd) for all z ∈ Cd.
For T ∈ Tϕ(L(H)) we define the big Hankel operator HT ∗ with symbol T ∗ by
HT ∗f(z) := (I − Pϕ)(T (·)∗f(·))(z) =
∫
Cd
[T (z)∗ − T (w)∗]f(w) ·Kϕ(z, w) dµϕ(w)
for all f ∈ F2ϕ(H).
In the scalar case, the boundedness/compactness of such operators was shown to be equiva-
lent to their symbols belonging to the Bloch space/little Bloch space (see [15]). Moreover, the
Schatten class membership is equivalent to the symbol belonging to analytic Besov spaces.
We recall that the scalar Bloch space in several complex variables was first introduced by
Timoney [17, 18] for bounded symmetric domains. The scalar Bloch space B, corresponding
to the weight e−Ψ(|z|
2) on Cd, was considered by Seip and Youssfi [15] and is defined as the
space of holomorphic functions f : Cd → C with
‖f‖B = sup
z∈Cd
{
sup
ξ∈Cd, ξ 6=0
|〈∇f(z), ξ¯〉|
β(z, ξ)
}
<∞, (1.5)
where β(z, ξ) denotes the Bergman metric
β(z, ξ) =
√
〈B(z)ξ, ξ〉 , z, ξ ∈ Cd ,
and B(z) is the d× d-matrix with entries[ ∂2
∂z¯j ∂zk
log K(z, z)
]
jk
, 1 ≤ j, k ≤ d .
B(z) is positive-definite and it is usually referred to as the Bergman matrix. A standard
argument (see e.g. [20]) shows that
‖f‖B = sup
z∈Cd
√
〈B−1(z)∇f(z), ∇f(z)〉 . (1.6)
We shall now define an operator-valued version of the Bloch space B, for which we provide
several adequate equivalent norms. One of these is an analogue of (1.5) (see Section 2), the
second one is expressed in terms of mean oscillation (see (1.11)), and it turns out that our
Bloch space coincides with an operator-version of BMOA. We now define a third norm which
is more relevant for our approach in studying the Hankel operator. Inspired by (1.6) we
introduce
QT (z) :=
∑
1≤i,j≤d
B−1(z)ijDjT (z)
(
DiT (z)
)∗
, z ∈ Cd, (1.7)
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where B−1(z)ij denotes the (ij)-th entry of the hermitian matrix B
−1(z) and DiT (z)
∗ is the
adjoint of the operator DiT (z) =
∂T
∂zi
(z).
The operator-valued Bloch space B(L(H)) is the space of holomorphic functions T : Cd →
L(H) with
‖T‖B(L(H)) = ‖T (0)‖L(H) + sup
z∈Cd
‖QT (z)‖1/2L(H) <∞. (1.8)
Notice that for H = C, in view of (1.6), we recover the scalar Bloch space. The operator QT (z)
can be expressed in terms of the radial derivative, the tangential derivatives of T , as well as
the eigenvalues of B(z) (see Section 2). Taking this into account, we show that B(L(H)) can
be characterized as the space of holomorphic functions T : Cd → L(H) with the property that
there exist c1, c2 > 0 such that
‖RT (z)‖L(H) ≤ c1|z|
√
Φ′(|z|2) and ‖Tij(T )(z)‖L(H) ≤ c2|z|
√
Ψ′(|z|2), 1 ≤ i, j ≤ d,
where RT denotes the radial derivative of T , and Tij(T ) denote the tangential derivatives of
T , i.e.
RT (z) =
d∑
k=1
zk
∂T
∂zk
, Tij(T ) = zi
∂T
∂zj
− zj ∂T
∂zi
, 1 ≤ i, j ≤ d. (1.9)
For a continuous function f : Cd → L (H) such that ‖f(.)‖L(H) |kz |2 is in L1 (dµϕ) for all z,
one defines its Berezin transform analogously to the scalar case by
f˜(z) =
∫
Cd
f(w) |kz(w)|2 dµϕ(w), z ∈ Cd.
For a continuous function T : Cd → L (H) we define
MO2T ∗(z) := T˜ T ∗(z)− T˜ (z)T˜ ∗(z), z ∈ Cd, (1.10)
provided ‖T (.)‖L(H) |kz| is in L2ϕ(C) for all z ∈ Cd. We say that T has bounded mean oscillation
if supz∈Cd
∥∥MO2T ∗(z)∥∥
L(H)
<∞ and we introduce the norm
‖T‖BMO(L(H)) := sup
z∈Cd
∥∥MO2T ∗(z)∥∥1/2
L(H)
+ ‖T (0)‖L(H) . (1.11)
For the connection between Hankel operators and bounded mean oscillation see also [6].
Throughout this paper, for two functions E1, E2, the notation E1 . E2 means that there
is a constant k > 0 independent of the argument such that E1 ≤ kE2. If both E1 . E2 and
E2 . E1 hold, then we write E1 ≍ E2.
The next theorem characterizes the boundedness of the Hankel operator HT ∗ .
Theorem 1.1. Given a holomorphic function T : Cd → L(H), the following are equivalent:
(a) T ∈ Tϕ(L(H)) and the Hankel operator HT ∗ is bounded from F2ϕ(H) to L2ϕ(H);
(b) T ∈ B (L(H));
(c) supz∈Cd
∥∥MO2T ∗(z)∥∥1/2
L(H)
<∞.
Moreover,
‖T‖B(L(H)) ≍
(
‖HT ∗‖+ ‖T (0)‖L(H)
)
≍ ‖T‖BMO(L(H)) .
Inspired by the scalar case [15], we present two alternative proofs of the implication (b)⇒
(a) above: one of them relies on the Schur test combined with the reproducing kernel estimates
provided in [15], while the second one is based on Ho¨rmander estimates for the ∂¯-equation. Due
to non-commutativity, the latter proof is not a mere adaptation of the one from the scalar
case, and it provides an estimate in terms of the multiplication operator with symbol the
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operator-valued function Q
1/2
T , which will be used in an essential way in the characterizations
of compactness and Schatten class membership of the Hankel operator.
Subsequently, in Theorem 4.2 (see Section 4) we show that a ”little oh” version of condition
(b), respectively (c), from Theorem 1.1 characterizes the compactness of HT ∗ .
We recall that, given two separable Hilbert spaces H1,H2 and p > 0, a compact linear
operator A : H1 → H2 belongs to the Schatten class Sp = Sp(H1,H2) if the sequence of
eigenvalues {sn}n of (T ∗T )1/2 satisfies
‖A‖Sp := (
∑
n
spn)
1/p <∞.
The Schatten class membership of HT ∗ is characterized below.
Theorem 1.2. Suppose T : Cd → K(H) is holomorphic and p ≥ 2. Then the following are
equivalent:
(a) T ∈ Tϕ(L(H)) and the Hankel operator HT ∗ belongs to the Schatten class Sp(F2ϕ(H), L2ϕ(H));
(b) Q
1/2
T : C
d → Sp(H) is measurable and∫
Cd
‖QT (z)1/2‖pSp(H)K(z, z) dµϕ(z) <∞; (1.12)
(c) (MO2T ∗)1/2 : Cd → Sp(H) is measurable and∫
Cd
‖ (MO2T ∗(z))1/2 ‖pSp(H)K(z, z) dµϕ(z) <∞. (1.13)
Moreover, we have equivalence between the following quantities
‖HT ∗‖Sp ≍
∥∥∥(QT )1/2∥∥∥
Lp(Cd,Sp(H),dλϕ)
≍
∥∥∥(MO2T ∗)1/2∥∥∥
Lp(Cd,Sp(H),dλϕ)
,
where dλϕ(z) := K(z, z) dµϕ(z).
Similar considerations to the ones in Section 9 in [15], show that there is no nontrivial
holomorphic function T : Cd → L(H) such that condition (1.12) holds for p = 2, and therefore
there are no nontrivial Hilbert-Schmidt Hankel operators with anti-holomorphic symbols on
F2ϕ(H).
Here, it is worthwhile mentioning the following specificity of the vector-valued setting in
our approach to prove the necessity of the conditions on the symbol T for compactness,
respectively Schatten class membership. At a first glance, the test functions that seem natural
to consider are of the type kze, where kz is the normalized reproducing kernel of F2ϕ(C) and
e ∈ H. However, it turns out that we need to consider test functions of the form kzez, for an
appropriate choice of the vectors ez , that depends on the operator-valued function QT (z).
Regarding previous studies of big Hankel operators on scalar Fock spaces we would also like
to mention [3, 4, 9, 10, 13, 19], as for Hankel forms on vector-valued Bergman-type spaces we
refer to [1, 2].
The paper is organized as follows. Section 2 is concerned with equivalent definitions and
basic properties of the operator-valued Bloch, little Bloch space, as well as some preliminary
material. Section 3 is dedicated to the boundedness of HT∗, while in Section 4 we characterize
the compactness of HT∗. Finally, in Section 5 we investigate the Schatten class membership
of our Hankel operators.
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2. The operator-valued Bloch space, little Bloch space and BMOA
We start with some considerations regarding the Bergman matrix. Recall that the Bergman
matrix B(z) is the d× d-matrix with entries[ ∂2
∂z¯j ∂zk
log K(z, z)
]
jk
, 1 ≤ j, k ≤ d .
Notice that if F (|z|2) := K(z, z), then
B(z) =
F ′
F
I + |z|2
(F ′
F
)′
Pz ,
where I stands for the identity matrix, Pz denotes the projection of C
d onto span{z}, given
by
Pzw =
1
|z|2 〈w, z〉 z z, w ∈ C
d.
We can rewrite
B(z) = λ(z)Pz + µ(z) (I − Pz) ,
where
λ(z) =
F ′
F
(|z|2) + |z|2
(F ′
F
)′
(|z|2) and µ(z) = F
′
F
(|z|2)
are the eigenvalues of B(z). Hence(
B(z)
)−1
=
1
λ(z)
Pz +
1
µ(z)
(I − Pz) . (2.14)
Now Lemma 4.1 from [15] gives
F ′
F
(r) = (1 + o(1))Ψ′(r),(F ′
F
)′
(r) = (1 + o(1))Ψ′′(r) + o(1)
Ψ′(r)
r
, as r →∞,
which implies
λ(z) ≍ Ψ′(|z|2) + |z|2Ψ′′(|z|2) = Φ′(|z|2)
µ(z) ≍ Ψ′(|z|2). (2.15)
It was shown in Lemma 7.2 in [15] that, instead of working with Bergman balls (i.e. balls
corresponding to the Bergman distance), one can equivalently work with sets of the form
D(z, a) = {w : |z − Pzw| ≤ a[Φ′(|z|2)]−1/2, |w − Pzw| ≤ a[Ψ′(|z|2)]−1/2}, (2.16)
where z ∈ Cd, a > 0.
Lemma 2.1. The sets D(z, a) are unitarily invariant, that is, if U : Cd → Cd is a unitary
map, then
U(D(z, a)) = D(Uz, a), z ∈ Cd, a > 0. (2.17)
Proof. The proof is straightforward and relies on the identity UPz = PUzU for any z ∈ Cd. 
Recall that in (1.7) we introduced the operator
QT (z) :=
∑
1≤i,j≤d
B−1(z)ijDjT (z)
(
DiT (z)
)∗
, z ∈ Cd,
Depending on the context, we shall use alternative expressions for QT (z). From (2.14) we
have
B−1(z)ij =
(
1
λ(z)
− 1
µ(z)
)
zi zj
|z|2 +
1
µ(z)
δij .
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Substituting this in the expression of QT (z) we obtain for z 6= 0
QT (z) =
1
|z|2
( 1
λ(z)
− 1
µ(z)
)
RT (z)
(
RT (z)
)∗
+
1
4µ(z)
∆(T (z)T (z)∗)
=
1
λ(z)|z|2 RT (z)
(
RT (z)
)∗
+
1
µ(z)|z|2
∑
1≤i<j≤d
Tij(T )(z)
(
Tij(T )(z)
)∗
, (2.18)
where RT and Tij(T ) were defined in (1.9). In particular, this shows that QT (z) is a positive
operator.
Another expression of QT which will be useful in several of the subsequent proofs is the
following. If ckj(z) stands for the kj entry of the (hermitian) matrix B(z)
−1/2, where 1 ≤
k, j ≤ d, set
Cj(z) :=
d∑
k=1
ckj(z)DkT (z), z ∈ Cd. (2.19)
Obviously Cj(z) ∈ L(H) and we have
d∑
j=1
Cj(z)
(
Cj(z)
)∗
=
d∑
k,l=1
( d∑
j=1
clj(z) cjk(z)
)
DlT (z)
(
DkT (z)
)∗
=
∑
1≤k,l≤d
(
B−1(z)
)
lk
DlT (z)
(
DkT (z)
)∗
= QT (z) . (2.20)
A straightforward calculation shows that QT satisfies
‖QT+S(z)‖1/2L(H) ≤ ‖QT (z)‖
1/2
L(H) + ‖QS(z)‖
1/2
L(H) , T, S ∈ L(H), z ∈ Cd, (2.21)
which implies that (1.8) defines a norm on B (L (H)). Moreover, the completeness of B (L (H))
follows by a standard argument similar to the one in [20].
In the next proposition we provide an equivalent norm on B(L(H)), which is an analogue of
(1.5), and we prove the vectorial version of a standard estimate for Bloch functions in terms
of the Bergman distance. The Bergman distance is defined by
dΨ(z, w) := inf
γ
∫ 1
0
β(γ(t), γ′(t)) dt, z, w ∈ Cd,
where the infimum is taken over all piecewise C1−smooth curves γ : [0, 1] → Cd such that
γ(0) = w and γ(1) = z.
Proposition 2.2. (a) We have
‖T‖B(L(H)) ≍ ‖T (0)‖L(H) + sup
z∈Cd
{
sup
ξ∈Cd, ξ 6=0
‖∑dk=1 ξkDkT (z)‖L(H)
β(z, ξ)
}
, (2.22)
for all holomorphic functions T : Cd → L(H), where the involved constants depend only on d.
(b) For any T ∈ B(L(H)) we have
‖T (z) − T (w)‖L(H) . ‖T‖B(L(H))dΨ(z, w), z, w ∈ Cd, (2.23)
where dΨ denotes the Bergman distance induced by the Bergman metric β.
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Proof. (a) Using the fact that β(z, ξ) =
√
〈B(z)ξ, ξ〉 and substituting η := B(z)1/2ξ we may
write
E(z) := sup
ξ∈Cd, ξ 6=0
‖∑dk=1 ξkDkT (z)‖L(H)
β(z, ξ)
= sup
η∈Cd, η 6=0
‖∑dk=1(B(z)−1/2η)kDkT (z)‖L(H)
‖η‖
= sup
w∈Cd, ‖w‖=1
‖
d∑
k=1
(B(z)−1/2w)kDkT (z)‖L(H) = sup
w∈Cd, ‖w‖=1
‖
d∑
j=1
wjCj(z)‖L(H),
(2.24)
where, in the last two steps above, we used the notation from (2.19). Particularizing w in the
last expression above to the vectors from the canonical basis of Cd, we obtain
E(z) ≥ ‖Cj(z)‖L(H) = ‖Cj(z)Cj(z)∗‖1/2L(H) z ∈ Cd, 1 ≤ j ≤ d. (2.25)
Using the above together with (2.20) we deduce
d ·E(z)2 ≥
d∑
j=1
‖Cj(z)Cj(z)∗‖L(H) ≥ ‖
d∑
j=1
Cj(z)Cj(z)
∗‖L(H) = ‖QT (z)‖L(H). (2.26)
On the other hand, relation (2.24) and the Cauchy-Schwarz inequality immediately give
E(z)2 ≤ sup
w∈Cd, ‖w‖=1
(
d∑
j=1
|wj |‖Cj(z)‖L(H))2 ≤ (
d∑
j=1
‖Cj(z)‖2L(H))
≤ d · ‖
d∑
j=1
Cj(z)Cj(z)
∗‖L(H) = d · ‖QT (z)‖L(H),
where the last inequality above follows by positivity. Together with (2.26) this implies
E(z) ≍ ‖QT (z)‖1/2L(H),
and (a) now follows by taking the supremum over z ∈ Cd in the above relation.
In order to prove (b), let z, w ∈ Cd and consider a piecewise C1 curve γ : [0, 1] → Cd (γ =
(γ1, ..., γd)) such that γ(0) = w and γ(1) = z. Then, in view of (a), we get
‖T (z)− T (w)‖L(H) ≤
∫ 1
0
‖
d∑
j=1
γ′j(t)DjT (γ(t))‖L(H) dt
≤
√
d sup
ξ∈Cd
‖QT (ξ)‖1/2L(H)
∫ 1
0
β(γ(t), γ′(t)) dt.
Taking now the supremum over γ above leads us to (b). 
The next lemma, which is a direct consequence of the reproducing kernel estimates proven
in [15], shows that the operator-valued Bloch space is contained in Tϕ(L(H)).
Lemma 2.3. If T ∈ B(L(H)), then for any z ∈ Cd we have ‖T (·)‖L(H) ·K(·, z) ∈ L2ϕ(C).
Proof. Since Ψ ∈ S and satisfies (1.1) we have
[Ψ′(x)]−ηΨ′′(x) . Ψ′(x) , x ≥ 0 ,
which implies
Ψ′(x) . [1 + Ψ(x)]
1
1−η , x ≥ 0 . (2.27)
Hence
Φ′(x) = Ψ′(x) + xΨ′′(x) . (1 + x)[1 + Ψ(x)]3 (2.28)
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since η < 12 . From the fact that T ∈ B(L(H)) together with (2.15) we obtain the estimate
‖RT (z)‖2L(H) . λ(z)|z|2 ≍ Φ′
(|z|2) |z|2 , z ∈ Cd.
Combining this with (2.28) and taking into account the fact that Φ′ is increasing, we deduce
‖T (z) − T (0)‖L(H) =
∥∥∥∫ 1
0
1
t
RT (tz) dt
∥∥∥
L(H)
≤ |z|
√
(1 + |z|2)(1 + Ψ(|z|2))3 , z ∈ Cd.
Since Ψ grows at least like a linear function, the above estimate yields
I = I(z) :=
∫
Cd
‖T (w)‖2L(H)|K(w, z)|2e−Ψ(|w|
2) dmd(w)
.
∫
Cd
|K(w, z)|2e−(1−ε)Ψ(|w|2) dmd(w)
for any ε ∈ (0, 1/2). Recall that K(w, z) = F (〈z, w〉). Then, by unitary invariance, we
may assume without loss of generality that z = (x, 0, . . . , 0) with x > 0. If d > 1 we write
w = (w1, ξ) with ξ ∈ Cd−1 and w1 = reiθ, and use polar coordinates to get
I .
∫ ∞
0
∫ pi
−pi
|F (xreiθ)|2
(∫
Cd−1
e−(1−ε)Ψ(r
2+|ξ|2) dmd−1(ξ)
)
r dθdr . (2.29)
Using again the monotonicity of Ψ we deduce∫
Cd−1
e−(1−ε)Ψ(r
2+|ξ|2) dmd−1(ξ) . e
−(1−2ε)Ψ(r2)
∫
Cd−1
e−εΨ(|ξ|
2) dmd−1(ξ)
. e−(1−2ε)Ψ(r
2) . (2.30)
The estimates of the reproducing kernel (see Lemma 3.1 in [15]) together with (2.27)-(2.28)
give ∫ pi
−pi
|F (xreiθ)|2dθ . (1 + xr)3/2[1 + Ψ(xr)]Ne2Ψ(xr) ,
where N = N(d) > 0 and the constants involved depend on x, but not on r. Taking into
account the above relation and (2.30), we now return to (2.29) to deduce
I .
∫ ∞
0
e−(1−2ε)Ψ(r
2)+(2+ε)Ψ(xr) dr .
To see that the last integral is finite, put Q(r) = (1−2ε)Ψ(r2)− (2+ ε)Ψ(xr) and notice that
for 2(1− 2ε)r − (2 + ε)x ≥ 1 we have
Q′(r) = 2(1− 2ε)rΨ′(r2)− (2 + ε)xΨ′(xr) ≥ min
t≥0
{Ψ′(t)} =: δ > 0 ,
and hence e−Q(r) . e−δr, which proves the claim. 
Let M be a closed subspace of L (H). The little Bloch space B0(M) is the space of holo-
morphic functions T : Cd →M such that
lim
|z|→+∞
‖QT (z)‖L(H) = 0. (2.31)
Let us now show that the density of polynomials in the scalar little Bloch space extends to
the operator-valued case. The proof of this fact is standard and it is based on approximation
by convolutions with Feje´r kernels (see [12]). We include it for the sake of completeness.
Theorem 2.4. Let M be a closed subspace of L (H). Then the holomorphic polynomials with
coefficients in M are dense in B0 (M).
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Proof. Assume T ∈ B0 (M). For (θ1, · · · , θd) ∈ Rd, we consider the unitary linear transfor-
mation in Cd defined by Rθ(z) :=
(
eiθ1z1, · · · , eiθdzd
)
, for all z = (z1, · · · , zd) ∈ Cd. The torus
T
d =
{(
eiθ1 , · · · , eiθd) , (θ1, · · · , θd) ∈ [−pi, pi]d} is equipped with the Haar measure dθ, and,
for any nonnegative integer N , the Feje´r kernel FN is given by
FN
(
eiθ1 , · · · , eiθd
)
:=
∑
|mj |≤N,mj∈Z
(
1− |m1|
N + 1
)
· · ·
(
1− |md|
N + 1
)
eim·θ, (2.32)
where m · θ = m1θ1 + · · ·+mdθd. The convolution
TN (z) =
∫
Td
T (R−θz)FN
(
eiθ1 , · · · , eiθd
)
dθ, z ∈ Cd, (2.33)
is then a holomorphic polynomial with coefficients in M, which obviously belongs to B0(M),
and we have
TN (z)− T (z) =
∫
Td
(T ◦R−θ − T )(z) · FN
(
eiθ1 , · · · , eiθd
)
dθ, z ∈ Cd.
We claim that
lim
N→∞
‖TN − T‖B(L(H)) = lim
N→∞
sup
z∈Cd
‖QTN−T (z)‖1/2L(H) = 0.
For fixed z ∈ Cd, Nz(T ) = ‖QT (z)‖1/2L(H) defines a semi-norm on L(H) by (2.21). Thus
‖QTN−T (z)‖1/2L(H) ≤
∫
Td
∥∥Q(T◦R
−θ−T )(z)
∥∥1/2
L(H)
· FN
(
eiθ1 , · · · , eiθd
)
dθ. (2.34)
Then
‖QTN−T (z)‖1/2L(H) ≤
∫
Vδ
+
∫
Td\Vδ
‖Q(T◦R
−θ−T )(z)‖
1/2
L(H) · FN
(
eiθ1 , · · · , eiθd
)
dθ, (2.35)
where Vδ (δ > 0) denotes the neighborhood of 0 given by
Vδ := {(θ1, · · · , θd) : |θj | ≤ δ, 1 ≤ j ≤ d} .
Now let ε > 0. By the properties of FN , there exists N0 ∈ N such that∫
Td\Vδ
FN
(
eiθ1 , · · · , eiθd
)
dθ ≤ ε, N > N0. (2.36)
Since T ∈ B0 (M), we may choose R > 0 such that
sup
|z|>R
‖QT (z)‖1/2L(H) < ε.
Then relation (2.21) together with the rotation invariance QT◦Rθ (z) = QT (Rθz) imply
sup
|z|>R
∥∥Q(T◦Rθ−T )(z)∥∥1/2L(H) ≤ sup
|z|>R
‖QT◦Rθ (z)‖1/2L(H) + sup
|z|>R
‖QT (z)‖1/2L(H) < 2ε. (2.37)
Again, from the rotation invariance of QT and the uniform continuity ofDjT on every compact
set
{
z ∈ Cd, |z| ≤ R}, R > 0, we obtain
lim
θ→0
sup
|z|≤R
∥∥Q(T◦Rθ−T )(z)∥∥L(H) = 0.
Then we may choose δ small enough such that
sup
|z|≤R
∥∥Q(T◦Rθ−T )(z)∥∥1/2L(H) < ε, θ ∈ Vδ. (2.38)
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Using relations (2.36) and (2.38) in (2.35) yields
‖TN − T‖B(L(H)) = sup
z∈Cd
‖QTN−T (z)‖1/2L(H) ≤ 2ε+ 2ε‖T‖B(L(H)),
for N > N0, which validates the claim, and, thus, completes the proof. 
3. Boundedness of Hankel operators
In this section we prove different characterizations of the boundedness of the big Hankel
operator. We shall use the notation F2ϕ(L(H)) for the Fock space of holomorphic functions
f : Cd → L(H) that satisfy ‖f(·)‖L(H) ∈ L2ϕ(Cd).
Proof of Theorem 1.1.
Implication (b)⇒ (a). Assume that T ∈ B(L(H)). Lemma 2.3 shows that T ∈ Tϕ(L(H)).
Let f be a holomorphic polynomial in Cd with coefficients in H and let {ei}i≥1 be an orthonor-
mal basis of H. Set
Fi(z) := 〈HT ∗f(z), ei〉 = (I − Pϕ)Gi (z) ,
where
Gi(z) = 〈T (z)∗f(z), ei〉.
The form
Ωi :=
d∑
j=1
〈f(z), DjT (z)ei〉dzj
is closed, that is, ∂Ωi = 0. For 1 ≤ j ≤ d, we denote Ωji := 〈f(z), DjT (z)ei〉. Notice that Fi
is the solution of minimal L2ϕ(C)-norm of
∂u = Ωi .
By a theorem due to Ho¨rmander (see [8, 15]) it follows that∫
Cd
|Fi|2 dµϕ ≤
∫
Cd
|Ωi|2i∂∂¯ϕ dµϕ. (3.39)
Here |Ωi|i∂∂¯ϕ denotes the norm of Ωi measured in the Ka¨hler metric defined by i∂∂¯ϕ, that is
|Ωi|2i∂∂¯ϕ =
∑
1≤j,k≤d
AjkΩjiΩ
k
i ,
where (Ajk(z))1≤j,k≤d is the inverse of the hermitian matrix A(z) = (Ajk(z))1≤j,k≤d :=(
∂2ϕ
∂zj∂z¯k
(z)
)
1≤j,k≤d
.
Our next aim is to obtain an appropriate estimate for the right-hand-side of (3.39). Setting
Xi := (〈f(z),D1T (z)ei〉, ... , 〈f(z),DdT (z)ei〉) ∈ Cd, we may rewrite the last relation above as
|Ωi|2i∂∂¯ϕ = 〈(A−1(z))tXi,Xi〉Cd = 〈A−1(z)Xi,Xi〉Cd . (3.40)
Let us now take a closer look at A(z). We have
A(z) = Ψ′(|z|2)I + (zkz¯jΨ′′(|z|2))1≤j,k≤d, z ∈ Cd.
It follows that
A(z) = λ˜(z)Pz + µ˜(z)(I − Pz),
where
λ˜(z) = Ψ′(|z|2) + |z|2Ψ′′(|z|2) and µ˜(z) = Ψ′(|z|2).
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Relation (2.15) shows that λ˜(z) ≍ λ(z) and µ˜(z) ≍ µ(z). We clearly have
A(z)
−1
= A(z)−1 =
1
λ˜(z)
Pz +
1
µ˜(z)
(I − Pz). (3.41)
From relation (2.14) we now deduce that the matrices A(z)
−1
and B(z)−1 have the same
eigenvectors and comparable eigenvalues, which implies that the induced hermitian forms are
comparable, i.e.
〈A(z)−1v, v〉 ≍ 〈B(z)−1v, v〉,
where the involved constants are independent of z, v ∈ Cd. Using this in (3.40) we get
|Ωi|2i∂∂¯ϕ ≍ 〈B(z)−1Xi,Xi〉 = ‖B(z)−1/2Xi‖2. (3.42)
As in (2.19), we denote by cjk(z) the jk entry of the (hermitian) matrix B(z)
−1/2, where
1 ≤ j, k ≤ d, and
Cj(z) =
d∑
k=1
ckj(z)DkT (z).
Writing down the components of B(z)−1/2Xi with this notation, we deduce
‖B(z)−1/2Xi‖2 =
d∑
j=1
∣∣∣ d∑
k=1
cjk(z) 〈f(z),DkT (z)ei〉
∣∣∣2
=
d∑
j=1
∣∣∣ 〈f(z), Cj(z)ei〉∣∣∣2 = d∑
j=1
|〈Cj(z)∗f(z), ei〉|2.
We now use the above equality in (3.42) and return to (3.39) to deduce∫
Cd
|Fi|2 dµϕ .
∫
Cd
d∑
j=1
|〈Cj(z)∗f(z), ei〉|2 dµϕ(z). (3.43)
Summing up over i and applying the monotone convergence theorem yield
‖HT ∗f‖2 =
∞∑
i=1
∫
Cd
|Fi|2 dµϕ .
d∑
j=1
∫
Cd
∞∑
i=1
|〈Cj(z)∗f(z), ei〉|2 dµϕ(z)
=
d∑
j=1
∫
Cd
‖Cj(z)∗f(z)‖2 dµϕ(z) =
∫
Cd
〈
d∑
j=1
Cj(z)
(
Cj(z)
)∗
f(z), f(z)〉 dµϕ(z)
=
∫
Cd
‖
( d∑
j=1
Cj(z)
(
Cj(z)
)∗)1/2
f(z)‖2 dµϕ(z)
≤ ( sup
z∈Cd
‖QT (z)‖L(H))‖f‖2ϕ. (3.44)
where, from relation (2.20), we have QT (z) =
∑d
j=1Cj(z)(Cj(z))
∗. Hence
‖HT ∗f‖ . ( sup
z∈Cd
‖QT (z)‖1/2L(H))‖f‖ϕ ≤ ‖T‖B(L(H))‖f‖ϕ ,
and (b)⇒ (a) is proven.
Implication (a)⇒ (c). Suppose HT ∗ is bounded. For w ∈ Cd and e ∈ H with ‖e‖ = 1,
notice that by the reproducing formula, we have
HT ∗(Kw e) (z) = (T (z)
∗ − T (w)∗)e ·Kw(z) ,
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where Kw(z) = K(z, w) is the reproducing kernel of F2ϕ(C). On the other hand, since T ∈
Tϕ(L(H)), the reproducing formula in F2ϕ(L(H)) (which follows from its scalar version via
bounded linear functionals) yields T˜ = T , T˜ ∗ = T ∗ and
MO2T ∗(z) =
∫
Cd
(T (z)− T (w)) (T (z)− T (w))∗ |kz(w)|2 dµϕ(w).
In particular this shows that MO2T ∗(z) is a positive operator. Combining the last two
equalities above we deduce〈
MO2T ∗(z)e, e
〉
H
=
∫
Cd
‖(T (z)∗ − T (w)∗)e‖2|kz(w)|2 dµϕ(z) = ‖HT ∗(kze)‖2F2ϕ , e ∈ H.
(3.45)
Taking the supremum over unit vectors e ∈ H in the last relation above, we obtain∥∥MO2T ∗(z)∥∥1/2
L(H)
= sup
‖e‖=1
‖HT ∗(kze)‖F2ϕ ≤ ‖HT ∗‖, z ∈ C
d,
and (c) follows.
Implication (c)⇒ (b). In order to do this, we are going to show that
‖QT (z)‖L(H) .
∥∥MO2T ∗(z)∥∥
L(H)
.
Recall from above that ∥∥MO2T ∗(z)∥∥
L(H)
= sup
‖e‖=1
‖HT ∗(kze)‖2F2ϕ . (3.46)
Now, for w ∈ Cd, we have
‖HT ∗(Kw e)‖2 =
∫
Cd
‖(T (z)∗ − T (w)∗)e‖2|K(z, w)|2 dµϕ(z) (3.47)
≥
∫
D(w,a)
‖(T (z)∗ − T (w)∗)e‖2|K(z, w)|2 dµϕ(z)
where D(w, a) was defined in (2.16). Lemma 7.2 and Lemma 7.1 in [15] ensure that for a > 0
small enough
|K(z, w)|2 ∼ K(z, z)K(w,w) , w ∈ Cd, z ∈ D(w, a) .
From this we deduce (as in the proof of Theorem D in [15]) that for a > 0 small enough we
have
|K(z, w)|2e−ϕ(z) & K(w,w)|D(w, a)| , z ∈ D(w, a),
where |S| denotes the euclidean volume of a set S ⊂ Cd.
Using the last inequality in (3.47) we obtain
1
|D(w, a)|
∫
D(w,a)
‖(T (z)∗ − T (w)∗)e‖2 dmd(z) . ‖HT ∗(kw e)‖2 . (3.48)
We shall now show that the expression on the left-hand-side of the above inequality is bounded
below by a constant multiple of ‖QT (w)1/2e‖2 for w ∈ Cd. In order to do this, for h ∈ H with
‖h‖ = 1, consider the holomorphic scalar-valued function
f(z) := fw,e,h(z) = 〈(T (z)− T (w))h, e〉H , z ∈ Cd .
Notice that
‖(T (z)∗ − T (w)∗)e‖ = sup
‖h‖=1
|f(z)| .
We first prove the desired estimates for w = (w1, 0, · · · , 0). The result in the general case
will then follow by unitary invariance. So we first assume that w = (w1, 0) ∈ Cd, where
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w1 ∈ C. In this case, the set D(w, a) reduces to B1(w1, aρ1(w)) × Bd−1(0, aρ2(w)), where
Bk(z,R) denotes the euclidian ball in C
k, k ≥ 1, centred at z ∈ Ck and of radius R > 0, and
ρ1(z) = [Φ
′(|z|2)]−1/2, ρ2(z) = [Ψ′(|z|2)]−1/2, z ∈ Cd. (3.49)
By Cauchy’s formula, the Cauchy-Schwarz inequality and subharmonicity, we now get
(aρ1(w))
2|D1f(w1, 0)|2 . 1|D(w, a)|
∫
D(w,a)
|f(z)|2 dmd(z) . (3.50)
Now notice that
|w| · |D1f(w)| = |〈w1D1T (w)h, e〉| = |〈RT (w)h, e〉| .
In view of the above and (3.50), we may write
ρ1(w)
2 |〈RT (w)h, e〉|2 . |w|
2
|D(w, a)|
∫
D(w,a)
|〈(T (z) − T (w))h, e〉|2 dmd(z) .
In light of relations (2.15) and (3.49), we have λ(w) ≍ ρ1(w)−2. Taking the supremum over
‖h‖ = 1 we obtain
1
|w|2 ·
1
λ(w)
‖(RT (w))∗e‖2 . 1|D(w, a)|
∫
D(w,a)
‖(T (z)∗ − T (w)∗)e‖2 dmd(z) . (3.51)
This last estimate suffices in case d = 1. If d > 1, it remains to estimate the tangential term
in QT (w). We start with the observation that since w = (w1, 0), we have
Tij(T )(w) = 0 if 1 < i < j ≤ d and T1j(T )(w) = w1DjT (w) for 1 < j ≤ d ,
so that, in order to estimate the tangential term in QT (w), we only need to handle terms of
the form w1DjT (w). To do this we first write the Cauchy formula for the function C
d−1 ∋
z′ = (z2, · · · , zd) 7→ f(z1, z′). We have
f(z1, rz
′) =
∫
Sd−1
f(z1, rζ)
(1− 〈z′, ζ〉)d−1 dσ(ζ) ,
where r > 0, Sd−1 denotes the unit sphere in C
d−1, and dσ is the Lebesgue measure on Sd−1.
Differentiating with respect to zj , 2 ≤ j ≤ d, at the point z′ = 0 ∈ Cd−1 and applying the
Cauchy-Schwarz inequality, we deduce
r2 |Djf(z1, 0)|2 .
∫
Sd−1
|f(z1, rζ)|2 dσ(ζ) .
Using spherical coordinates in Cd−1 together with the subharmonicity of z1 7→ |Djf(z1, 0)|2,
we infer
(ρ2(w))
2|Djf(w1, 0)|2 . 1|D(w, a)|
∫
D(w,a)
|f(z)|2 dmd(z) .
Making f explicit now yields
(ρ2(w))
2|〈DjT (w1, 0)h, e〉|2 . 1|D(w, a)|
∫
D(w,a)
|〈(T (z) − T (w))h, e〉|2 dmd(z) .
As before, take now the supremum over h ∈ H with ‖h‖ = 1 and use the fact that µ(z) ≍
ρ2(z)
−2 (see relations (2.15) and (3.49)), to deduce
1
µ(w)
‖DjT (w)∗e‖2 . 1|D(w, a)|
∫
D(w,a)
‖(T (z)∗ − T (w)∗)e‖2 dmd(z) . (3.52)
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Combining (3.51) and (3.52) and taking into account the form of QT (w), we obtain
‖QT (w)1/2e‖2 = 1|w|2λ(w) ‖RT (w)
∗e‖2 + 1|w|2µ(w)
∑
i<j
‖
(
Tij(T )(w)
)∗
e‖2
.
1
|D(w, a)|
∫
D(w,a)
‖(T (z)∗ − T (w)∗)e‖2 dmd(z) . (3.53)
We now treat the general case, that is, we let w ∈ Cd be arbitrary. Denote w˜ = (|w|, 0) ∈
C
d and let U be a the unitary transformation of Cd that maps w˜ to w. Then by unitary
invariance we have QT (w) = QT◦U (U
−1w) = QT◦U (w˜). We may now make use of relation
(3.53) applied to T ◦ U , perform the change of variables ζ = Uz and take into account the
fact that U(D(w˜, a)) = D(w, a) to deduce that (3.53) holds in general. This last fact together
with relations (3.45) and (3.48) leads us to
‖QT (w)1/2e‖ . ‖HT ∗(kwe)‖ = ‖
(
MO2T ∗(w)
)1/2
e‖H, w ∈ Cd, e ∈ H, ‖e‖H = 1. (3.54)
Thus
‖QT (w)1/2‖L(H) . ‖MO2T ∗(w)‖1/2L(H) (3.55)
and, with this, our proof is complete. 
Remark 3.1. As already mentioned in the introduction, the inequalities in (3.44) will be
crucial in the characterizations of compactness and Schatten class membership of the Hankel
operator.
Corollary 3.2. For a holomorphic function T : Cd → L (H), we define
‖T‖Berg(L(H)) := sup
z,w∈Cd
‖T (z)− T (w)‖L(H)
dΨ(z, w)
+ ‖T (0)‖L(H) , (3.56)
Then ‖·‖Berg(L(H)) is an equivalent norm on B (L (H)).
Proof. Let T ∈ B (L (H)). Proposition 2.2 (b) immediately gives
‖T‖Berg(L(H)) . ‖T‖B(L(H))
On the other hand, as in Section 5 in [15], we have
‖HT ∗f(z)‖ ≤ sup
z,w∈Cd
‖T (z)− T (w)‖L(H)
dΨ(z, w)
Af(z),
where the sublinear operator A defined as
Af(z) :=
∫
Cd
dΨ(z, w) |KΨ(z, w)| ‖f(w)‖ dµϕ(w), z ∈ Cd
is bounded on L2 (dµϕ). Therefore
‖HT ∗‖ ≤ sup
z,w∈Cd
‖T (z)− T (w)‖L(H)
dΨ(z, w)
‖A‖ ,
which, together with Theorem 1.1 shows that
‖T‖B(L(H)) . ‖T‖Berg(L(H)) .

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4. Compactness of Hankel operators
Recall that K(H) stands for the space of compact linear operators on H.
Lemma 4.1. Given S : Cd → K(H) holomorphic and R > 0, the operator MRS∗ : F2ϕ(H) →
L2ϕ(H) defined by
MRS∗f(z) = χ{ξ: |ξ|≤R}(z)S
∗(z)f(z) , z ∈ Cd , f ∈ F2ϕ(H) ,
is compact.
Proof. The proof relies on standard arguments. For N ∈ N, let PNS denote the Taylor
polynomial of S
PNS(z) =
∑
|ν|≤N
Kν · zν ,
where ν = (ν1, · · · , νd) ∈ Nd and Kν are compact operators. Since
lim
N→∞
‖MRS∗ −MR(PNS)∗‖ ≤ limN→∞ sup|z|≤R
‖S(z) − PNS(z)‖ = 0,
in order to conclude, it is enough to show that MRS∗ is compact for S(z) = z
νF , where
F ∈ K(H) and ν ∈ Nd. Moreover, since F can be approximated in the operator norm by finite
rank operators, we may assume that F has finite rank. This last claim is a straightforward
consequence of Montel’s theorem together with relation (1.3).

Theorem 4.2. Given an holomorphic function T : Cd → L(H), the following are equivalent:
(a) T ∈ Tϕ(L(H)) and the Hankel operator HT ∗ is compact;
(b) T − T (0) ∈ B0 (K(H));
(c) T − T (0) : Cd → K(H) and lim
|z|→∞
∥∥MO2T ∗(z)∥∥
L(H)
= 0.
Proof. Implication (b)⇒ (a). Given f ∈ F2ϕ(H) and R > 0, by relation (3.44), we have
‖HT ∗f‖2 .
d∑
j=1
∫
Cd
‖Cj(z)∗f(z)‖2dµϕ(z)
=
d∑
j=1
∫
|z|≤R
‖Cj(z)∗f(z)‖2dµϕ(z) +
∫
|z|>R
‖
( d∑
j=1
Cj(z)Cj(z)
∗
)1/2
f(z)‖2dµϕ(z)
.
d∑
k=1
∫
|z|≤R
‖
(
DkT (z)
)∗
f(z)‖2dµϕ(z) + sup
|z|≥R
‖QT (z)‖L(H) · ‖f‖2ϕ ,
where the last step above follows from the definition of Cj (see relation (2.19)) as well as from
(2.20). Now let ε > 0 be arbitrary and choose R > 0 such that sup
|z|>R
‖QT (z)‖L(H) < ε. Then
‖HT ∗f‖2 .
d∑
k=1
‖MR(DkT )∗f‖2ϕ + ε‖f‖2ϕ ,
where the operators MR(DkT )∗ : F2ϕ(H) → L2ϕ(H) are compact by Lemma 4.1. The above
relation clearly shows that HT ∗ is compact.
Implication (a)⇒ (c). Assume HT∗ is compact. We begin by showing that T (z) ∈ K(H).
For any fixed z ∈ Cd, define the operator N(z) : H → L2ϕ(H) by
N(z)e := HT ∗(kze), e ∈ H. (4.57)
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Since, for any fixed z ∈ Cd and any sequence {en}n≥1 which converges weakly to 0 in H
we obviously have that {kzen}n≥1 converges weakly to 0 in F2ϕ(H), the compactness of HT ∗
implies that N(z) is compact. From relation (3.54) we have
〈QT (z)e, e〉‖ . ‖HT ∗(kze)‖2 , e ∈ H, z ∈ Cd. (4.58)
Taking into account the definition of QT (z), this implies
‖RT (z)∗e‖2 . |z|2 λ(z) · ‖HT ∗(kze)‖2 = |z|2 λ(z) · ‖N(z)e‖2 , e ∈ H, z ∈ Cd. (4.59)
The compactness of N(z) now ensures that RT (z)∗ and hence RT (z) is compact for any
z ∈ Cd. Then
T (z)− T (0) =
∫ 1
0
1
t
RT (tz) dt
implies that T (z)− T (0) is compact for any z ∈ Cd. It remains to show that
lim
|z|→∞
‖MO2T ∗(z)‖L(H) = 0 . (4.60)
Since, for any fixed z ∈ Cd, N(z) is a compact operator on H, it attains its norm, i.e. there
exists ez ∈ H with ‖ez‖ = 1 such that
‖HT ∗(kzez)‖F2ϕ = ‖N(z)ez‖H = ‖N(z)‖L(H) =
∥∥MO2T ∗(z)∥∥1/2
L(H)
,
where the last equality above follows from (3.45) and (4.57). Hence, (4.60) will immediately
follow, once we show that {kzez} converges weakly to 0 in F2ϕ(H) as |z| → ∞. Indeed, for any
holomorphic polynomial f with coefficients in H, we have
|〈f, kzez〉| =
∣∣∣ ∫
Cd
〈f(ξ), ez〉 kz(ξ) dµϕ(ξ)
∣∣∣
=
|〈f(z), ez〉|
‖Kz‖ → 0 as |z| → ∞,
where the last step follows from the estimate ‖Kz‖ ≍ eΨ(|z|2)/2Φ′(|z|2)1/2(Ψ′(|z|2))(d−1)/2
(see [15]). The assertion for a general f ∈ F2ϕ(H) is easily deduced from the above by
approximation with polynomials.
In order to conclude, it is enough to prove that (c)⇒ (b), but this is a direct consequence
of relation (3.55). 
5. Schatten classes
The aim of this section is to characterize the Schatten class membership of HT ∗. We begin
with an identity which we are going to formulate on Fock spaces, although its analogue holds
for a large class of vector-valued spaces of analytic functions.
Lemma 5.1. Let S be a positive operator on F2ϕ(H), and, for each fixed z ∈ Cd, let {ezk}k≥1
be an orthonormal basis of H (possibly) depending on z.
Then
∑
k≥1〈S(Kzezk) , Kzezk 〉F2ϕ(H) is independent of the choice of {ezk}k≥1 and we have
trace(S) =
∫
Cd
∑
k≥1
〈S(Kzezk) , Kzezk 〉F2ϕ(H) dµϕ(z), (5.61)
where Kz denotes the reproducing kernel of F2ϕ(C) at the point z ∈ Cd.
Proof. If {En}n≥1 is an orthonormal basis of F2ϕ(H), then
trace(S) =
∑
n≥1
‖S1/2En‖2 =
∑
n≥1
∫
Cd
‖(S1/2En)(z)‖2 dµϕ(z). (5.62)
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We now have
∑
n≥1
‖(S1/2En)(z)‖2 =
∑
n≥1
∑
k≥1
|〈(S1/2En)(z), ezk〉|2
=
∑
n≥1
∑
k≥1
∣∣∣∣
∫
Cd
〈(S1/2En)(ζ), ezk〉Kz(ζ) dµϕ(ζ)
∣∣∣∣2
=
∑
n≥1
∑
k≥1
|〈S1/2En,Kzezk〉F2ϕ(H)|2 =
∑
k≥1
∑
n≥1
|〈En, S1/2(Kzezk)〉F2ϕ(H)|2
=
∑
k≥1
‖S1/2(Kzezk)‖2F2ϕ(H) =
∑
k≥1
〈S(Kzezk) , Kzezk 〉F2ϕ(H),
where the second equality above follows by the reproducing formula. The last relation together
with (5.62) leads us now to (5.61). 
We now turn to the proof of Theorem 1.2.
Proof of Theorem 1.2.
Implication (a)⇒ (c). Assume HT ∗ ∈ Sp. If {ek}k≥1 is an arbitrary orthonormal basis of
H, in view of (3.45) we obtain
∑
k≥1
‖ (MO2T ∗(z))1/2 ek‖p =∑
k≥1
‖HT ∗(kzek)‖p <∞, z ∈ Cd,
since {kzek}k≥1 is an orthonormal set in F2ϕ(H) and p ≥ 2. This shows that
(
MO2T ∗(z)
)1/2 ∈
Sp(H). Now, since Sp(H) is separable (see [11], Chapter 3, Section 6), by Pettis’ theorem
[16], in order to show that z 7→ (MO2T ∗(z))1/2 is measurable, it suffices to prove that it is
weakly measurable. With this aim, let S ∈ Sq(H), where 1/p + 1/q = 1. If {ek}k≥1 is an
orthonormal basis of H, we have
〈(MO2T ∗(z))1/2 , S〉 = trace(S∗ (MO2T ∗(z))1/2)
=
∑
k≥1
〈(MO2T ∗(z))1/2 ek, Sek〉, z ∈ Cd,
and, since the last expression above defines a measurable function, it follows that
(
MO2T ∗(z)
)1/2
is measurable.
In order to prove (1.13), let {ezn}n≥1 be an orthonormal basis of H that diagonalizes the
compact self-adjoint operator
(
MO2T ∗(z)
)1/2
. Apply Lemma 5.1 to S := ((HT ∗)
∗HT ∗)
p/2 to
deduce
‖HT ∗‖Sp = trace[((HT ∗)∗HT ∗)p/2] =
∫
Cd
∑
k≥1
〈
((HT ∗)
∗HT ∗)
p/2(Kze
z
k),Kze
z
k
〉
dµϕ(z). (5.63)
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For each z ∈ Cd, in view of Jensen’s inequality, relation (3.45) and the choice of ezk, we obtain∑
k≥1
〈
((HT ∗)
∗HT ∗)
p/2(Kze
z
k) , Kze
z
k
〉
≥
∑
k≥1
〈
(HT ∗)
∗HT ∗(kze
z
k) , kze
z
k
〉p/2
K(z, z)
=
∑
k≥1
‖HT ∗(kzezk)‖pK(z, z)
=
∑
k≥1
〈MO2T ∗(z)ezk, ezk〉p/2K(z, z)
= ‖ (MO2T ∗(z))1/2 ‖pSp(H)K(z, z),
and, returning to (5.63), we get (c).
Implication (c)⇒ (b). This a direct consequence of relation (3.54). Indeed, for any
orthonormal basis (ek)k of H, we have∑
k≥1
‖QT (z)1/2ek‖p .
∑
k≥1
〈
MO2T ∗(z)ek, ek
〉p/2
.
Since p ≥ 2, this implies ‖QT (z)1/2‖pSp(H) .
∥∥∥(MO2T ∗(z))1/2∥∥∥p
Sp(H)
, and thus (b) follows.
Implication (b)⇒ (a). Recall that, by (3.44), we have
‖HT ∗f‖ .
∫
Cd
‖QT (z)1/2f(z)‖2 dµϕ(z), f ∈ F2ϕ(H). (5.64)
Hence, if the multiplication operator
MQ1/2f(z) := QT (z)
1/2f(z), f ∈ F2ϕ(H), z ∈ Cd,
belongs to some Schatten class ideal, then HT ∗ will have the same property.
We now provide a sufficient condition for Schatten class membership of multiplication op-
erators using an interpolation argument. For a strongly-measurable operator-valued function
R : Cd → L(H), consider the operator
MRf(z) := R(z)f(z), f ∈ F2ϕ(H), z ∈ Cd.
For p ≥ 2, we denote by Lp(Cd,Sp(H), dλϕ) the space of strongly measurable functions g :
C
d → Sp(H) satisfying ∫
Cd
‖g(z)‖pSp(H) dλϕ(z) <∞.
Moreover, L∞(Cd,L(H), dλϕ) will stand for the closure in the supremum norm of L(H)−valued
simple functions (see [7], Ch. 5, page 107).
We claim that, if R ∈ L2(Cd,S2(H), dλϕ), thenMR : F2ϕ(H)→ L2ϕ(H) is a Hilbert-Schmidt
operator. To this end, let {en}n≥1 be an orthonormal basis of the scalar Fock space F2ϕ(C)
and let {fk}k≥1 be an orthonormal basis of H. Then it is clear that {En,k(z) := en(z)fk}n,k≥1
is an orthonormal basis of F2ϕ(H), and we have
‖MR‖2S2 =
∑
n,k≥1
‖MR(En,k)‖2 =
∑
n,k≥1
∫
Cd
‖R(z)fk‖2 |en(z)|2 dµϕ(z)
=
∑
n≥1
∫
Cd
‖R(z)‖2S2(H) |en(z)|2 dµϕ(z)
=
∫
Cd
‖R(z)‖2S2(H)K(z, z) dµϕ(z) = ‖R‖2L2(Cd,S2(H),dλϕ), (5.65)
and the claim follows.
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Moreover, if R ∈ L∞(Cd,L(H), dλϕ), we have
‖MR‖S∞ ≤ ess supz∈Cd‖R(z)‖L(H), (5.66)
where S∞ denotes the space of bounded linear operators from F2ϕ(H) to L2ϕ(H). Taking
into account (5.65), (5.66) together with Theorem 5.1.2 (page 107) in [7], it now follows by
interpolation that
‖MR‖Sp ≤ ‖R‖Lp(Cd,Sp(H),dλϕ), p ≥ 2.
Particularizing R(z) := QT (z)
1/2 above and using (5.64) now yield
‖HT ∗‖pSp . ‖MQ1/2T ‖
p
Sp ≤
∫
Cd
‖QT (z)1/2‖pSp(H)K(z, z) dµϕ(z),
which completes the proof. 
Acknowledgements. We would like to thank N. Nikol’skii for suggesting to us the method
of proof of Theorem 2.4.
References
[1] A. Aleman and O. Constantin, Hankel operators on Bergman spaces and similarity to contractions, Int.
Math. Res. Not. (2004), no. 35, 1785–1801.
[2] A. Aleman and K.-M. Perfekt, Hankel forms and embedding theorems in weighted Dirichlet spaces, Int.
Math. Res. Not. IMRN (2012), no. 19, 4435–4448.
[3] W. Bauer, Mean oscillation and Hankel operators on the Segal-Bargmann space, Integr. Equ. Oper. Theory
52 (2005), 1–15.
[4] W. Bauer, Hilbert-Schmidt Hankel operators on the Segal-Bargmann space, Proc. Amer. Math. Soc. 132
(2004), 2989–2996.
[5] C. A. Berger and L. A. Coburn, Toeplitz operators on the Segal-Bargmann space, Trans. Amer. Math.
Soc. 301 (1987), no. 2, 813–829.
[6] D. Be´kolle´, C. A. Berger, L. A. Coburn and K. Zhu, BMO in the Bergman metric on bounded symmetric
domains, J. Funct. Anal. 93 (1990), 310–350.
[7] J. Bergh and J. Lo¨fstro¨m, Interpolation spaces. An introduction., Springer-Verlag, Berlin-New York, 1976.
[8] B. Berndtsson and P. Charpentier, A Sobolev mapping property of the Bergman kernel, Math. Z. 235
(2000), 1–10.
[9] H. Bommier-Hato and E.-H. Youssfi, Hankel operators and the Stieltjes moment problem, J. Funct. Anal.
258 (2010), 978–998.
[10] O. Constantin and J. Ortega-Cerda`, Some spectral properties of the canonical solution operator to ∂¯ on
weighted Fock spaces, J. Math. Anal. Appl. 377 (2011), 353–361.
[11] I.C. Gohberg and M.G. Krein, Introduction to the Theory of Linear Nonselfadjoint Operators, Transl.
Math. Monogr., Amer. Math. Soc., Providence, RI, 1969.
[12] L. Grafakos, Classical Fourier analysis, Graduate Texts in Mathematics, 249. Springer-Verlag, New York,
2014.
[13] P. Lin and R. Rochberg, Hankel operators on the weighted Bergman spaces with exponential type weights,
Integr. Equ. Oper. Theory 21 (1995), no. 4, 460–483.
[14] V. Peller, Hankel Operators and Their Applications, Springer Monographs in Mathematics, Springer-
Verlag, New York, 2003.
[15] K. Seip and E.-H. Youssfi, Hankel operators on Fock spaces and related Bergman kernel estimates, J.
Geom. Anal. 23 (2013), 170 –201.
[16] M. Talagrand, Pettis integral and measure theory, Mem. Amer.Math. Soc. 51 (1984).
[17] R. M. Timoney, Bloch functions in several complex variables. I. Bull. London Math. Soc. 12 (1980), no.
4, 241–267.
[18] R. M. Timoney, M. Bloch functions in several complex variables. II. J. Reine Angew. Math. 319 (1980),
1–22.
[19] X. Wang, G. Cao and K. Zhu, BMO and Hankel operators on Fock-type spaces, J. Geom. Anal. 25 (2015),
no. 3, 1650–1665.
[20] K. Zhu, Spaces of holomorphic functions in the unit ball, Springer-Verlag, New York, 2005.
20 HE´LE`NE BOMMIER-HATO AND OLIVIA CONSTANTIN
Bommier-Hato: Faculty of Mathematics, University of Vienna, Oskar-Morgenstern-Platz 1,
1090 Vienna, Austria & Institut de Mathe´matiques de Marseille, Universite´ de Provence, 13453
Marseille Cedex 13, France
E-mail address: helene.bommier@gmail.com
Constantin: Faculty of Mathematics, University of Vienna, Oskar-Morgenstern-Platz 1, 1090
Vienna, Austria Austria
E-mail address: olivia.constantin@univie.ac.at
